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Abstract: For many decades, separation of variable is recognized as one of the most powerful techniques for solving 

linear partial differential equations PDEs. The present paper proposes analytical solution for higher order 

homogeneous partial differential equations
 
PDEs under specified boundary conditions BCs within a rectangular 

domain. Firstly, separation of variables and integral factors are used to reduce the given partial differential 

equation PDE to an ordinary differential equation ODE. After symbolic manipulations, a power series expansion 

of the unknown function is utilized to create the analytical solution. The present paper is a unique case of 

separation of variables which rely on eliminating one variable to solve the PDE on the other variable. The 

proposed closed form solution presented here reduces the effort consumed for implement the alternative numerical 

solutions. The effectiveness of the obtained method proves the capability to provide an analytical solution 

overcoming the complexity of boundary conditions and mixed derivatives in the solution of higher order linear 

PDE. 
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I.   INTRODUCTION 

Through recent decades, different implementation of higher order linear PDEs was used, beside the empirical techniques, 

in shape design for engineering manufacturing, or in general, for the representation of solid surfaces [1], [2]. PDEs are 

utilized for representation and manipulation of surface/solid models in a computer-aided geometric design. They owned 

fundamental importance in engineering for analysis and simulation in addition to their importance in medical sector for 

body tissue visualization and surgical simulation [2]-[4]. Exact solution of linear PDEs of many engineering applications 

still in mind the mathematicians and specialized publishers.  In early 1950’s, M.H. Martin [5] observed a special case of 

two term equation derived if the separation of variables is employed to Laplace’s equation. His notation established a 

turning point for the traditional methods of reduction, opening up new visions to what is now known as functional 

separation of variables. The higher order multi-term PDE involving fractional derivative in time is studied by E. Karimov 

and S. Pirnafasov [6]. They used separation of variables to reduce fractional order PDE to the integer order. I.V. 

Rakhmelevich [7] transformed multi-dimensional PDE incorporating linear differential operator to reduced one and 

solved it by using separation of variable. Applying quasi-separation of variables, W. N. Everitt and B. T. Johansson [8] 

solved the Dirichlet problem for the biharmonic PDE on a bounded region. A. S. Berdyshev and B. J. Kadirkulov [9] 

studied a nonlocal problem for a fourth-order parabolic equation with the Dzhrbashyan–Nersesyan fractional differential 

operator. They used separation of variables to prove the existence and uniqueness of the solution of the problem. 

Publishers’ attempts on the separation of variables of higher order PDE have already been previously done using different 

methods such as Fourier series and Galerkin formulation.  

Highly accurate analytical solutions for many applications such as anisotropic and orthotropic rectangular plates are 

introduced by several researchers [10]-[12]. In the present paper, a semi analytical technique is proposed relying on 

applying circumvent between generalized separation of variables and integral factors. The derived technique leads to 
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exact closed form solution for higher order PDEs incorporating mixed derivatives. The present method is applied to 

higher order linear PDEs with constant coefficients. The shape function is created according to the investigated PDEs and 

boundary conditions. On the other hand, the unknown separated function is expressed as a polynomial of power series. 

The derived technique is applied to establish the closed form solution of vibration of composite plate under the proposed 

boundary conditions BCs.  

 

II.   PARTIAL DIFFERENTIALEQUATION PDE 

The general higher order homogenous PDE is: 
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Where, 

),( yxww  is the unknown function of the dependent variables yx, .  

Let us consider the dimensionless PDE over a rectangular r region  )( ba  in the short form: 

             0),)(( Lw      (2) 

where L  denotes the linear partial differential operator and ),( ww  is the dimensionless unknown function where 

              
a

x
  and  

b

x
  . 

Separation of variables assumes general solution of the form:  

                 M
1 )()(),( m mm fgw   (3) 

Where )(mg  and )(mf are functions satisfying the boundary conditions of rectangular region at the boundaries

)1,0(  and )1,0(  respectively. Equation (3) is utilized to reduce Eq. (2) to the ordinary differential equation ODE: 

             0)(
1 0
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where the function )()( nf is unknown function differentiated with order n  while mnC is integrated constant based on 

the known function )(mg  so that: 

              
1

0

)( dggC n
mmmn  (5) 

Series solution of the reduced ODE (4) is: 
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Consequently: 
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Where, 
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The function 0Ε  is a truncated power series function, constructing on the constant coefficients 

Knnnkf k
m ,.......2,1,);0()(   which depend on the n  initial values ),0(mf ),0(mf   ,)0(mf  ),0(mf   

)0(......., )1( n
mf  so that: 

Knnnkf
d

d
f k

m
k

m .,.........3,2,1);()( )1()(   


  (10) 

where )()( n
mf is defined according to Eq. (4). 

Initial values ),0(mf ),0(mf   ,)0(mf  ),0(mf   )0(......., )1( n
mf  are accomplished from the known boundary condition at

)1,0(  . 

III.   SHAPE FUNCTION )(
m

g  AND SEPARATION OF VARIABLES 

Separation of variables is applied to create the shape function in only one variable of linear partial differential equations 

under boundary and initial conditions using  

              )()(),(  fgw   (11) 

For cases which don’t involve mixed derivatives such as the heat equation, Laplace equation, Helmholtz equation or wave 

equation, separation of variables is easily being done. But for cases involving mixed derivatives such as biharmonic 

equation, the PDE is not easily separated, but nonetheless Eq (11) may still be applied. According to separation, two 

single variable systems of ODE
S
 are obtained under boundary conditions. Satisfying the proposed boundary conditions, 

shape function is directly defined. For example, the dimensionless biharmonic equation is considered:  

                 02  w       Where    
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where 
b

a
  is the aspect ratio of the rectangular region.  

Subsection from (11) in (12), gives: 
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Rewriting Eq. (13) in the form: 

                  0)()()(2)( 42   FHEG  (14) 

Eliminating the first and last terms by differentiating Eq. (14) w.r.t   and  , yields: 

               0)()(   HE  
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This means that either )(E or )(H must be a constant, say 1 or 2 . Consequently, 

           )()()(2)( 42  FHFG   or )()(2)()( 24  HFGF  is constant.  

Differentiating all terms w.r.t   and , one can prove that each of )(G  and )(F  are constant, say 1 or 2 . Thus 

two cases are obtained: 

               0)()(2)( 1
42

1
)4(   fff  (15) 

and  

              0)()(2)( 2
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2
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Each case is homogenous ODE which can easily be solved by auxiliary equation. Because of )()( 1
)4(  gg   and

)()( 1  gg  ,  then: )()( 1
)4(  gg  . Thus, one can prove that

2
11   . Similarly  

2
22    

The general solution of equation (16), is the shape function )(mg which is in the form: 

              )cosh( sinh()cos()sin()( 4321  mmmmm AAAAg   (18) 

where m  and 4321 ,,, AAAA  are constant parameters depending on 2,  and boundary conditions at the edges of 

support at )1,0(  . Generalized techniques for separation of variables have been described by many researchers in 

literature [13], [14].  

IV.   APPLIED STUDY 

A. Solution of PDE of Composite Plate 

To illustrate and examine the present technique, an application of square composite plate is provided. The study will pay 

attention to the following fourth order PDE for vibration of a composite plate: 

                044
4

3
3

2
21  tto whawCwCwCwCwC    (19) 

where ),,( tww   is the plate dimensionless displacement, the subscripts denote to partial derivatives with respect to 

the independent variables, t,,  where  ,  denote the dimensionless coordinates such as 
b

y

a

x
  ,  while t  

denotes time. The magnitude   is the aspect ratio where 
b

a
  and ba,  are the dimensions of plate in Cartesian yx,  

directions respectively. The constant coefficients 4,3,2,1,0, nCn  are composite plate parameters while  is plate mass 

per unit volume and h  is the thickness of plate.  The solution is assumed to be : 

                   
ti

m mm efgtw    M
1 )()(),,(  (20) 

where )(mg  is a known shape function satisfying the boundary conditions of plate at the two edges )1,0(  . 

The assumed form (20) is used to reduce Eq. (19) to: 
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where 
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and 
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The initial values ),0(),0( mm ff  )0(,)0( mm ff  are defined due to the known boundary condition at )1,0(  . 

Consequently, the derivatives Kkf k
m .,.........6,5,4);0()(   are achieved according to: 

                Kkf
d

d
f k

m
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  (24) 

The final solution expressed in terms of the k
th
 power degree of   is: 
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where 
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B. Numerical Results 

To realize the explicit and implicit solutions created from equation (25) under specified boundary conditions, the case of 

vibration of square simply supported SSSS orthotropic plate is examined here. The plate thickness is 0.75 mm, and the 

material properties and bending stiffness’s of an orthotropic carbon-epoxy plate [15] are: 

08.40911D , 28.2322 D , 52.612 D , 02616  DD  and 13.1666 D   

The eigen values mn of this case are, implicitly/ explicitly, obtained for truncation number 12k  of the power series. 

Three modes of vibrations are examined showing the following results: 

1. First Mode 1m   

The explicit eigen values n114131211 ,.........,,,   when 1m  are obtained from the solution of the following 

algebraic equation: 
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 (26) 

Thus, the first three values of n1  are  

144.710210711 , 356.246894712 , 149.632249213  

To illustrate the effectiveness of the present technique, the eigen function (mode shape) corresponding to an eigen value, 

say 144.710210711 , is expressed in explicit closed form:  

0]][sin  (10)  72.34132067- 090.14784516+

 (10)  62.63041832+ 000.44938518+ (10)  21.91134521- 540.91131590+

 (10) 18.13447411+8.800209524+8(10)1.64627575- .5+1.0(10)[),(

11610

978786

5843929
11









w

 (27) 

This mode shape is visualized in Fig. 1. 

 

 

 

 

 

 
 

Fig. 1. Plate First Mode Shape, 144.710210711 , 1m , 1n  

2. Second Mode 2m   

Similarly, the explicit eigen value ,21  ,22 ,23 ,24  n2.........  are expressed in: 

0(10)2.62340201+

7(10)3.10968300-1(10)1.38881247+ 9(10)2.76939004-6(10)2.07994233
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  (28) 

Fig. 2. Plate Second Mode Shape, 79168.05635421  , 2m , 1n  

Consequently, the first three values of  n2  are  

79168.05635421 , 3173.04649022 , 4175.63305823  

Also, the mode shape of plate corresponding to:  

79168.05635421  is illustrated in Fig. 2. and represented by the eigen function: 
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0]2][sin  (10) 52.27122065-  713.9752206+(10) 62.62834994+

 314.5054617+ (10) 71.90863442-  49.38523963+(10) 68.12334816

 93.20086993+ 8(10)1.64548359- 0.500000000+[1.0(10)),(
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3. Third Mode 3m   

The explicit eigen values n334333231 ,.........,,,  are obtained from: 

0(10)2.62340201+

7(10)3.10968300-1(10)1.38881247+9(10)2.76939004-6(10)2.07994233
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  (30) 

In this case, the first three values of  n3  are  

5374.76938031 , 6380.99586432 , 2381.40736833  

Similarly, the eigen function corresponding to 5374.76938031 is represented by the following equation and illustrated 

graphically in Fig. 3. 

 

 

 

 

 

 

 

Fig. 3. Plate Third Mode Shape, 5374.76938031  ,  3m , 1n  

       

0]3][sin (10) 82.51096470-

 6291.742951+ (10) 82.59385061+ 3143.662497+  
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V.   CONCLUSUN 

A new modified version of the method of separation of variables is presented. Considering mixed derivatives in the 

governing PDEs and direct substitutions of boundary conditions, mathematical manipulation becomes more difficult. 

Therefore publications of this type in literature are very few. The offered exact technique avoids the excessive effort 

needed to accomplish the alternative numerical solutions. The provided methodology reduces higher-order linear PDEs 

which incorporate mixed derivatives, into a set of easily to handle ODEs. The realization of the present technique 

provides simple, direct, and highly accurate closed form solutions for engineering problems governed by higher order 

linear PDE, involving mixed derivatives, under specified boundary conditions. The validity and reliability of the 

technique is examined through applying it to the case of vibration of orthotropic plate in three modes. The application 

provides the solutions in an accurate analytical simple fashion.  
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