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Abstract: In this study, we use a new multiplication of fractional functions and chain rule for fractional derivatives
to find the general solution of separable fractional differential equation, regarding the Jumarie type of modified
Riemann-Liouville (R-L) fractional derivatives. On the other hand, an example is given for demonstrating the
advantage of our result.
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I. INTRODUCTION

Fractional Calculus (FC) is a natural generalization of calculus that studies the possibility of computing derivatives and
integrals of any real (or complex) order [1-3], i.e., not just of standard integer orders, such as first-derivative, second-
derivative, etc. The history of FC started in 1695 when L’Hépital raised the question as to the meaning of taking a

1
fractional derivative such as 2—12/32’ and Leibniz replied [2]: “...This is an apparent paradox from which, one day, useful
X

consequences will be drawn.” Since then, eminent mathematicians such as Fourier, Abel, Liouville, Riemann, Weyl,
Riesz, and many others contributed to the field, but until lately FC has played a negligible role in physics. We describe as
a fractional equation an equation that contains fractional derivatives or integrals. Derivatives and integrals of fractional
order have found many applications in recent studies in physics [2-3]. Broad classes of analytical methods have been
proposed for solving fractional differential equations, such as the Adomian decomposition methods [4-5], variational
iteration methods [6-10], differential transform methods [11] and the homotopy perturbation method [12-14].

Unlike standard calculus, there is no unique definition of derivative in FC. The definition of fractional derivative is given
by many authors. The commonly used definitions are the Riemann-Liouvellie (R-L) fractional derivative [15], Caputo
definition of fractional derivative (1967) [3], the Grunwald-Letinikov (G-L) fractional derivative [15], and Jumarie’s
modified R-L fractional derivative is used to avoid nonzero fractional derivative of a constant functions [16].

In this article, we can obtain the general solution of separable fractional differential equation, regarding the Jumarie type
of modified R-L fractional derivatives. A new multiplication of fractional functions and chain rule are used and the main
result we obtained is the generalization of general solution of separable ordinary differential equations. Furthermore, an
example is proposed to demonstrate the advantage of our result.

I1. PRELIMINARIES
Firstly, we introduce the fractional calculus adopted in this paper.

Definition 2.1: Suppose that « is a real number and m is a positive integer. The modified Riemann-Liouville fractional
derivatives of Jumarie type ([16]) is defined by

=[x -0 @r, if @ <0
DI = i l G =D @ ~ f@ldr if0<a<1 @
k ;C_n;(an_m)[f(x)], fm<a<m+1

where T(y) = ["t"'e™* dt is the gamma function defined on y>0. If (D) " 1f ()] = (oDZ)( oDZ) -
(oDE)[f (x)] exists, then f(x) is called n-th order a-fractional differentiable function, and (aD,‘j‘)n[f(x)] is the n-th
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order a-fractional derivative of f(x). We note that (aD,‘j‘)n # ,DZ}* in general. Moreover, we define the fractional

integral of f(x), JIE[f(x)] = Dy*[f(x)], where @ > 0, and f(x) is called a-integral function. We have the following
property [17].

Proposition 2.2: Suppose that a, 8, ¢ are real constants and 0 < a < 1, then

« _ T(B+1) a
oDx [xﬁ] = mxﬁ Jfg=>a @)
OD;CI[C] =0, (3)
and
[(B+1) .
(o) xP] = e P i B> 1. @

Proposition 2.3 ([17]): If 0 < @ < 1 and f(x) is a continuous function, then

(D) (ID)f (0] = f(x). ©)
Secondly, some fractional functions are introduced below.
Definition 2.4 ([18]): The Mittag-Leffler function is defined by

7k

E, (2) = Zk:O T(ka+1)’ (6)
where « is areal number, a > 0, and z is a complex variable.
Definition 2.5 ([18]): E,(Ax%) is called a-order fractional exponential function. The a-order fractional cosine and sine

function are defined as follows:

(—1)kA2ky2ka

cos(Ax™) = X7, T,

, ()

and

. _1)kp2k+1, 2k+Da
sing(Ax®) = Yo, 2

, (8)

r'((2k+1)a+1)
where 0 < a < 1,4 isacomplex number, and x is a real variable.
The following is a new multiplication of fractional functions.

Definition 2.6 ([19]): Let A, u, z be complex numbers, 0 < a < 1, j, [, k be non-negative integers, and a,, b, be real
z¥ for all k. The ® multiplication is defined by

numbers, p, (z) =

I'(ka+1)
. i+ 1 .
PI0x®) @ Py = s e ® s () = s ([ 1) e Gy, ©)
where (] + l) = (j,H)!.
j ji

If f,(Ax*)and g,(uy*) are two fractional functions,

faQx®) = Bio @k pe(Ax®) = Tio s (X9, (10)

oo o) b
9a(uy®) = X0 bk bk (Wy™) = Zitzo F(Tkﬂ) (y )k, (11)

then we define
fa(Ax®) @ go(uy®) = Z a, p(Ax*) @ Z by pi (y®)
k=0 k=0
= Z?:O(anzo ak—mbmpk—mclxa) ® Pm(llya)) . (12)
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. a a 0 k ak-m aym
Proposition 2.7: f,,(Ax®) ® ga(Wy™) = Xitzo rgmyps Zhamo () @-mbm Ax“)<™ (uy )™, (13)

Definition 2.8: Let (fa(/lx“))@n =f(Ax*) Q- Q f,(Ax*) be the n times product of the fractional function f, (1x%).
If £,(1x%) ® g,(Ax*) = 1, then g,(A1x%) is called the & reciprocal of £, (1x%), and is denoted by (fa(/lx“))@_l.

Remark 2.9: The ® multiplication satisfies the commutative law and the associate law, and is the generalization of
ordinary multiplication, since the @ multiplication becomes the traditional multiplication if & = 1.

Proposition 2.10:  E,(1x%*) ® E,(uy*) = E,(A1x% + uy®). (14)
Corollary 2.11: E,(1x%*) Q E,(ux%) = E,((1 + w)x%). (15)
Definition 2.12: If f (2) = X% ax 2%, 9o (ux®) = X7 0 by pr (ux®), then
[24 oo a ®k
foa(9aWx®)) = Tio ar (ga(ux®) ™. (16)

Theorem 2.13 (chain rule for fractional derivatives) ([19]): If f (2) = Yo ax 25, 9o (Ux%) = Yoo by Px (ux®). Let
o0 ®k ! [e9) ®k-1)
foa(9a1xD) = Timg ar (9(ux®) " and fg,(92(ux®) = Ty ar k(ge(ux®)) ", then

( ODJ‘CZ)[f®a(ga(.uxa))] = f(éa(ga(.uxa)) ® ( OD)(CZ)[ga(,uxa)]- (17)
Definition 2.14: Let x, y be real variables, 0 < a < 1, f,(x%), go(¥*) be a-integral functions. Then
D [y(x D] = fa(x*) & 9.(y") (18)

is called separable a-fractional differential equation.
I1l. MAIN RESULT
To obtain the general solution of Eq. (18), we need a lemma.

Lemma 3.1: Suppose that x,y are real variables, 0 < a < 1, h,(y%) is a-integral function defined on [c,d], and
y = y(x%) is a-differential function defined on [a, b]. Then

oI [ha(y®) ® WDEY(]]| = TRy +Cy (19)

where C; is a constant.

Proof By chain rule for fractional derivatives, we have

oD | 5 Tha (v = ha (V™) ® WDE[Y (D], (20)
Therefore, the desired result holds. Q.e.d.
In the following, we obtain the general solution of Eq. (18).

Theorem 3.2: Assume that x, y are real variables, 0 < a < 1, and £, (x%), g, (y*)®~! are a-integral functions defined
on [a, b], [c, d] respectively. Then the separable a-fractional differential equation

aDJ?[Y(xa)] = fa(xa) ® ga(ya)

has the general solution

JEf D] = gy ] = C, (21)
where C is a constant.
Proof Since

fa(xa) = ga(ya)@’_l ® aDg[Y(xa)] ) (22)

it follows that

JEF O] = olf 90O @ WDEIY(x]]- (23)
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Using Lemma 3.1 yields

JEf D] = A [ga(y)®] +C. (24)
Thus, the desired result holds. Q.ed.
1IV. EXAMPLE

Next, we give an example to illustrate our result.

Example 4.1: Consider the separable 1/4—fractional differential equation

DI = (5 () s, () @ (s, () 2, 0) e

where y(0) = 0.

Using Theorem 3.2 yields the general solution of Eq. (25)

of*[Ey, (x'18) + simsy, (¥4)] = o,/ [ys = cosy, ('/5) + By, (y'15)] = C. (20)

That is,

E1/4 (x1/4) —cos, (x1/4) - ;EZ‘BY% + sim/4 (y1/4) - E1/4 (yl/‘*) =C. 27

Since y(0) = 0, it follows that € = —1. Thus we get the particular solution of Eq. (25)

E1/4 (x1/4) —cos, (x1/4) - ;EZ‘BY% +siny, (y1/4) - E1/4 (yl/‘*) =-1 (28)

V. CONCLUSION

As mentioned, we mainly use a new multiplication of fractional functions and chain rule for fractional derivatives to find
the general solution of separable fractional differential equations. In the future, we also use the Jumarie type of modified
R-L fractional derivatives and the new multiplication to extend the research topics to the problems of engineering
mathematics and fractional calculus.
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